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SYSTEMATIC NODELINC RfJLF.S FUR REYNOLDS

STRESS CLOSURES IN FREE-SHEAR IAYERS

R. C. NJOLSWSS

Theoreticalitivitiion,Croup T--3

Univcraity of Californln
Loa A3amoa Scientific Lrborotory

Los Alamoa, Ncw ?texico 8?545

ABSTRACT

Central modeling rulca arc proposed for con-
structing It(!ynold!l strvss closllrec. The rubs rc-

qulrc Ilmt the mndcled term~ in the evolutlnn cqun-

tiona for Iijj t,c reprvscnLcd na n linvar comhinntion

of ccrtaill pcrmisfiiblc gruupa of turns. The rules
aevrrcly rt,atrtct thu numhcr of pcrmlssiblc ~roupa of
tcrrns. “1’lIc permlsHih].r, groups of Lcrms include many,

but not nil, typca of tcrm~ previously proposud for
turhulrncc modelln~: via keynolds strctis closures. It

is shown til;lt a lack of cxpcrlmru Lnl inform~ll:nn prv-
vcnt,g onc from concluding, that Di 1 iH propurtionnl LO

~i~ for well-dcvclopcd turhulcncc; cvvn thnu~:h thin
assumption is commonly made. In conscqucncct one
doe~ not know to whlcli correlation Lenbor onc should
●asign turma algcbrulc in Rij.

NO!IENCI.ATIIRE

A, B, Co, Cl, Cn, dm - Ctinntantu

Aij, Eqj, c~j,oij,”- = pcrmlRsihlc groups of tcrma

wilt

af3xi

‘ij* ‘ij~ CIJ1 ‘ij

f(r), g(r), h(ra)

undrr the prnpnsud mndcling

ru! ca
= energy diHaipntion tcnHor
- trncc of energy r!]aniputlon

tcnaor
= total Lj.mo dcrivtrtive, movln~

with the mrmn f]uld velocity

= spatial ~rurllcnt operator
= nymmclric tcnsnrH Inrfoprndcnt

of the t?rynoldc fitreH~ Llmt
satisfy nudclin~ rulcn (1)

through (6)
= scalar ftinctton~ npprarfn~ in

the two point velocity corre-
lation tcul;ur df~cub.cd !n ihc

text

Jijo Kijr Lij

q

QiJ

Q2ij m QtkQkj

ri

r

Rij
R. j(r)

fijrUij) ‘ij, ‘lJ

- aupplomcntill ❑ymf,otric tcn-
nora indcpcndcnt of the

Reyl,olda stresN that satisfy
modeling rulcn (1) thrrmfih

(6)
= aymmctric tenaorn linenr in

the Koynolds Ptrcss that sat-
iafy modciing rules (1)
through (6)

= local turbulence energy drn-

Sity
= dimcrmlonless Rcynolda strcaa

tensor
= square of dimcn~ionless

Reynolds stress tensor
= relative position vector 111

two point velocity correla-

tion function
= lc,l~tll of relative poaittnn

vector

= Raynolds strcas tcn::or
= two point velocity corrL,la-

tion function
= diariipatlon lenfith scale
= mrpplcrncntal aymmvtrlc’ tcn-

mora lincnr in tho RcynoldM

strcan thnt aatlHfv modeling
rulcu (1) throu~:h (I)

= mrmn fluld vrloclty

= Kruncrkcr tcnsnr

= pieccwinc Iincar function of
turbulence Iieynnldn numlwr

= locnl ❑cnn cncr~y disslplt ion

rate per unit mns9

= weak function of turbulcnre

Rcynoldn uumhcr
~ turbulcnrc tfvynol[in numhur
= klncmtic vi~coNity
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Sul)zrrlpts——
a,fl - lndfc(~x nf Cnrt(:slan cr,ordl -

nnttis, not tiul~med wtl(.n rc. pr.nt -

cd in a tcnsur uxpretislon

1NTltODL!CTl LI:4

Thr {id hn,~ cl,.ir;lcter of Lhc Lurbu]rncc mndrl~
proposed 10’ th,. Rt.yno!ds strt.hs ,:q,mti{mM hns lon~;

bern o finurcc 01 all!; COmfur L for LUrhullmnCc m,]d~h]rrh.

Tht 0N1% pr~hufnuc iIt L{wIp L tn provldc a systu,nulic
dcrlvilt,olj ol Ill{, torrn!; accvptcd [or L}IC (.flu;lLi[IIIs
was mnrfc hy l.,lml(.y (I-3), W!,O us,,d funcLir,na] n,..th,,ds. . . .
LO develop :1 %y!:twwiLic pvrturhiitfnn theory of dvvl-
aL ions [ ror: lbono~:i.:1,.culd, Isntroplc turhulc.nc[,. lklw-

Cvur, lilt. mrlhod pl,rformod only m(wlt,rrit(,ly w(.11 wlwn

nppllt”d tO c,(,:lsllr~,l:l(,llt% uf Lhe trlplc cr,rr~latfon
Ccnsnr (~), pr,, !;um:ib]v lwcnuso the dcviationr, nf ]ah -
oruLory t+lwnr Iluws from Ilomugcaonus, icolropic tur-
bul[, nrr ore sllbsl;l!ll [al.

Ilcrc we I,rop,,st. SIVIPIC, p,,.nrrnl nodclir,~ rules
in Lhc form nf m:lll,~,m:lLical rcq!lfrr,monts an Lhe trn-

sor!; to bc ,scra!ptl, d as mu(l~,ls for Lim triple cnrrcln-
tion Ll!usnr, III(, l,r(.:i,o~lrr-!itr.llll tunsor, LhC cner~y
dls~ip;ition L~-n!,ur .Ind thr pr~,ssur(, di [fusion tensor,

as they arc used iii Lhc ltr,ynr)ld~ KLrcHS cquatlnns.

For the SWM1(.1 Lcrms wIIlrh nrc ulgcbralc in tllc
Reynolds !~lre:~~ trnsfjr, tht, rules art fiu[ficicr,. ly
Rent, rnl t,, i,n[.nm;l:l!<s, ;111 tlw ‘ypcs of tc.rms tlwlt I)uve
bcvn pr[,vl(,usly prf,l,o.:f>cf. These rulus thus prnvlrlc a
framcwnrl! for LJISI.II;I;IIII: sysLlhmutic.+lly a class of
turbulcnrv thL,orles !;utf[cl(!n Lly ~:!,ni,r.al LrJ h{, lnier -

c~tlllg. TIIU cnrfflcl{,nt!. of tll[, tt,rms pormlrtvd I>y

the rul{,!+ CNI!JL I)(, d(,Lt.rmincd by [iLt[n~; to cxl~vIi-
mcnts cnd Iiy n!wl!,rl(;ll slmlllJlltIf)s. Thr rulf!:i @re in
prlnc[plt nppllcahll Lo III,, t{,r,ns i,ppcnrinp, In tl,r
cqu;lllon for tlw dissipation scnlnr, hut wc rt=r+trict
atLcnllnn herv 10 tilt, k~,ynolds strr!:n {,quntirm%.

Furlhcr, wc do nr)L con~id[>r lhc inllucnce of unlls on
the LIII” IIU]IIIICL, m!jdl.1 [Ill;.

CENKRAL W.)]JLI.lN(: Rlll.ti:

Tho mmf(!lln~ rules wc prnpo!:c nrr:
(i) tllc rvultltlon ctItI,lLioll for Lhc Rc.ynnl!ls

rLt;c~.W’w !ihnuld hc ii trnwor Uq{lntfnll txprcssvd In

tcrmH of tlw Cnrll,sliln t{,nsors uf tll~, theory;
(2) Lhr! Icrms of Lhv cvrrlutinn cquntion :.hnuld

(,
pofiw%w the (kIll141iIn Invllrliincc of the orl~in;ll
Navier-Stok(, s vq.I(i Iluns;

(3) LI,U Lcr,n!l nf tl,t. oqu:,tio,l ~l,ould becxpress-

od in lcrm~ of lnciIl val~JL,M of RI
contnln nu moro tllilll twu orcltlrs o

~ ;:j;;:nd nl,nuld

dcrlv:l-
tivr.s;

(4) ll[],ill,,~,;,rltlt.u SIIOUICI hc no more thnn quud-
rtillc In k~j flnrf [ii;

(5) funcllnl]s of tllv Lurbulf.rrf. fkynold~ nllmhcr

Bhould he no more cumI,lcx th.in plvccwltic linear;
(b) tlw ~i,tf~~ of cnmponent~ nf tl,e cncr~y dlt-

aipatlon t,,nfior :Ilid the prc~~:urc-Ntrnln tcnsnr Hhould
not dvpcnd rJn Hp:ILl,Il dLrlvi\tivc,6 of Kit;

(7) 111P prlnclplc of sul,c,r-rt.allz;lbillly: thflt

lurmIJ permILlcd by tlw oLh!?r wdclin}; ru!cf? be ln-
cludrd only in y,roupti which Sup:lr:!tuly prL.ELirV(! the

rcalizobt I lLy of [IN, I@ynoldn Htri,sstcn~or (nnmcly,
thnt tllc, Rrynnlrfs strc~s tcntior rcm(lins ~1 svnrwtr[c
tcn~or wILh l]on-n{-l:~lt[vc, ul~:tww;llut,s under tht! ~ctlon
of cnch Errmp 0[ tl,rms licpdroLcly):

(El) th,, non-l!(,nl!r~lt I(u1 hyptIl II VH19: thflt the
groupu of lerms ilC(,l,pL(,d under tllc’ prlnclpl, nf nll-
pcr-rtl;lllz,ll)lllty i,nd whlc.11 :lr~, Inlt,ndcd to mudul (a)
thu l}rt,~;qllr(,-Ntr:llll rorr L,l:l Lion, (h) LIIC tr[p.lr VLI-

ln(lty rorrt,l:lllnn, (c) thu pt~,ssure fluctudlion in-

duced transport, or (d) the cncrl:y dlssipnLfon ttin~or

bhall not Separately rau~c the total Lurbulrnc[! rrrt!r-
Ry to incrca$c, and slmll sr.pnr,ltcly pcrmlt Lho Incal

turhulvnec energy dcnslty to incrra~c only thrnu],,h
diffuslorr proce:isru wblcil dlqpersc turbulence cncr~;y
❑ore widely in spacv.

These rules accm clnplc and natural. They arc alsn
qufto powerful in dolimtting possible forms for tur-
bulence theorlcs.

11 wns polntcrl out by Lum]cy (~) thnt turhulcncc
❑odels cannot hv rnt.iollally a~scsscd as to their [n-
Lrin~l,. adequacy unless ‘“the rlosllre used i~ b.nserf on
n amiill numhcr of explicitly stntcd, readily p,rnspmi
princtplcs} and that all terms, and only those terms,
RrncriiLed by tlwse prlnclple~ arc used.”’ Our propns-

CCI modclin~ lUICS du provldc rI small numhcr of ex-
plicitly statcrf principles anrf wc do pruposc tll.lt

precisely thosr ‘tirms permittud by the rules be IIscd
in cnnsLrucLInfi Reynolds atrr!ss closure mr.dcl~. Tho
cocffirirnLs or the I:ruups of terms permitted by thu

rulrfi would bc dott!rmined by comparing model predlc-

LiOllR with data.
Uhcthr.r LIN? mcldclirr~ rulca arc “’readily grariprd”

❑ighL possibly hc questioned. They have not, for CX-
amplr, been shown to rcpresont the leading term in an
asIymptoLic solution of an exact turhulcnce theory.

But they cnn be crmsirfcred the It,adin\: term of a type
of apprnximntton schcmc quite common in othc,r branrh-

CE of mccb;lnics and, indeed, in physics nnd enfiinrvr-
in~ quite p,cncrnlly. That Is, the evolution rq~la-
tinnr=, for the variablcR of the theory are nssumcwl to

depend only on tllc current values of the vnrjabl[:s,
and not on vnlueti irt prcvfws times (as ia true of
the undcrlylnp, Navlrr-Stnkes equations in the present
inELallcl,). TIM*I1, wl,en tl,ls r!f,pendoncc f% speciflcrl
as a power svrlcs in the vilr]shlcs find their Lfr.rl”#a-
tivvn, the ficrics is truncnti!d at thn srrond orrfl,r.
Mnru [;t!nf,r:ll il[ll.rr]xf,llJIL[fJns then tllc nnc proposed
hrrc SIif?,ht truncntc :hr scrfcs at hl}!her ordrr. lic-

caufrc thorc la no V,cnl!rnl snlutirrn Lcrhnlql!r for the
turbulence cquntion:+ , the terms musL bc cho~cn nnd
gro,lpcd trr insurr ttwt they w1lI malntaln the .lppro-
prlntc IrIathLMLILICfll proportles of the vtiriahlcs OF

the thvory. In artdttt(,ll, the cocfflclunts of the
aerics must br dcLcrmlncd cmplric)ll]y.

T’hc rcalizahfllty r@qU{rL)MUntS fnr Reynolds
atrt!ss closure moLIelH have been t!t~l.rrl by Schum.llln
(~) ir the form of ~hrcc types of lnrqualitlua (no
aum over Creek indices )

~a>o ,n

R *>fl ,
Uu ‘(M

- (RUB)

dot (llmB) >0 .

(1)

(2)

(3)

Nc pnlllts OUL thnt fur cxirct 6olutfons Rm~ the

‘,tivlcr-Stokes crlw;ltions require tlut whrn one of the

incqualfticH bcromcH an rqunllty, then the total timr

derivntlvc of this cqunllLy bc zrru, n~mcly

R mo-,D:Rai,mo ,
aa

(4)

and atmiltrrly for tho other inrqunlltlcs. Ue propnhc
here tn wc;lkcn thcac requlrcmcnt~ on thr tlmc drrivrL-
tivt?n of L!IL! L_.qllnlftlcs tn thr maxlmurn pcrmittud hy

the rc!alizuhiltty of the theory, namely

R
D. 0+-— R > 0 ,

ua Dt au

‘aa ‘Ml
- (RaB)2 = O+Rmt:: RBB+RF,B#Raa

- 2RaB j-: Rafl > 0 ,

(5)

(6)
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and ~lmilarly for Llw determinant. The rv.., ion for

thi~ lb th:lt iI is .’onmt]n, nnd :;unctimr.s n~ccssilry

for tlm numtirlrfll SLil!Jillt~ oi a ti!ffor., nclny, bClllmIUCo

to hove oxccs”i dil’fu~iun In tht. snlu Lion of Il(liddy -
nnmtcs prohl~.ms. !iuch L?XCI.SS dIft’Jsion will clh]n~e

the Cqllallilcs. such tlwurics htive been called ovcr-

rcalizoblcLIySchlwmnn.
By Lhc prlnciplc of su~er-rcalizahfllty w(. mean

thnt a pcrmissihlc flroup nt terms for modrlint the
velocity correlation wll~ prcs~irvc Lhc i!mqunlitiL.s

of ftqs. (5) ~nt-1 (6), und Lhu colrespondinl; one for

the dcterminnntt when thr group of terms is suhstj-

tuted for IJff /fJL after tllc product rule for deriva-
tives haa been u~cd tu ev.nluatc tlm ttmc dcrivaLlvc
of the cqua].ity L!xpliclLly, as, for example, in iZq.

(6). l’hc tntnl mr,dclinl; of the evolution cquntion
for the F!oynolds strvsses is LrI h a sum of su(.h prr-
❑i.ssiblc groups of terms. The modclln.q will c:lnturr
anotlicr prOpOrty of thu Cxnct soluLinn if, in Ll@ cw
o]ution cquilLicn [or LII(: Reynolds sLrcsscs the tt.rms
rermltlng from tllo triple cGrrelaLion tensor, the
tolal corrclirtion invoiving the fluctuating prcs5ure,
and the correlations proportion] to tilt> molccul,~r
vi~cosjty arc scparatc]y rcprcsrntvd as a sun of pcr-
mf~sible firuup$ of turms. k’c wollld stron;:ly recom-
mend such modeling ns m~ximallv likely to approxfmtc

the cxilct cquat[ons most riucccs,;fully, but we would
not demand this propcrLy under thu principle of su-

pcr-rcalizabiliLy until it bec.mcs clcmr that arcM-
ratc models may bc constructed c!lfurcin~ Lhis r(llc.

Similarly, wt. umllrf cncouro}:e, hut not yet dcmtlnd,
models to he con:iLiuctcd III wIIIL!h the Intjqualitlcs of
Eqs. (5) and (6) are rcplacvd by cqumlities.

The non-gcn,,rntlon hypothrsls 1s reosnnahlc for
i,]lly developed turhulencc: it n~rcrs with the t,vi-
dr,lce tl,nt is i]v:,il,,hlc; lL 1s a sLaL.>m@nt of sonc-

thing that approaches consurrsus amnnf: Turbulence rr-

scarclu!r%, and it is consistent wiLh pnst practlrc in
turbu!cncu model hullrlin};. I[owf, vcr, it doos disnp, rcu
with r?xperlmt, nt dIIrfIII; Lhu tr.lnsi L[on Lo Lurl}ult, nccj

for tlicu viscous ttirccs can Civc rise tu turl,,llt,nt

enur[; y. We h,Iv@ noL built this ruscrvnt inn lnLo our

theory bccnusc wc tl)lnk Lha L LIIC prlm,nrv intcrust nf
ffcyn~lds strcfis models 1s fur fnfrly w,?ll-dt.vclopcd
Lurbulcnl.e LLnd hccol!w it bccns ovur-optimistic tn
hope that n sirq;lc workat,lc t.lrh(llcnco theory will bc

eblc to dvscribc ilccur;ltcly boL!l flll]y dcvclopcrf tur-
bulrncc nnd the tr;lnsitlon to i~lrhulcncc. Wc tht,rc-

fore ccntcr our attvulion nn tlw Lhoory for well-de-
veloped Lurb\!lcncc nncl simply hlli ld in the mllfiL ru,n-
6onahlc bchcivior at low turbulence cnrrglc% th~t wc
con.

RESULTS FtIll TERMS ALGEBRAIC IN KLYti[)[JJS STRESSES

We fir~t Gpecify ?.IIc tcrmfi nl~cbralc in the

Xcynolds Htrussus that %ntlsfy Lht? mnd[,l!nj: rulII% (])

throuch (6) ilrl(l that i!l~o pre:i[,rv{: Ll)v symmetry of
Lhu Ncynnlds strt, s:i tcnsur, TIIL, xdditlr]nnl r4?,lwire-
mcnt of Ihc princlplc LLI fiupcr-r[.nl ix:!hllltv, ihnt
the terms bc nccrptvd only in p,roups which ocparatcly
prc.wrvu thr non-n(.,!:ltivlty 0[ !.llt, CI){CIIV;II,IPS nf tile

R(.ynold~ strusfi tensor, rt,qtlirus :ivparoLu dlsrussinn,
which follows, as Jws Lhu dtscllsuinll nf IImlts im-

posed h? tlw hylJnLllL1sit? o[ ll.~,l-crncr:it inn.
UC notu tlllt t~,nsor:t nl~c,hrafc In the lfeynold~

fltrcsse~ NJ]] I)t, L.OllSifltL,llL Ior Ilse in Lhc ,?VOI(I! I(III

cquatlon fur Lhu Rcynnlt i:; :]Lr~h:;fi i f L}lr’y nrL* iorniwf
by mul LiplyinR LIIc ri,.:ll,lr vI) bv a .qymmvlric dim~’n-
eiwnlcss trnsur WI IIUII sntisflc~: MIuI(,l lm; rwlcs (L)
throu};h (6), Apl, ropriiltu dimLvlsionlvss ivnunrR ~lrc
bulll from H,, .Ind u :Ind m:ly bv rntlmt-r:lLrd {,s fol -
lnwt! . The L(&(I;,: ]!ld(l~LW!LVIt of ~

lJ ‘r” 6iJ”

The terms linear in Rij arc

-1
%j - q ‘ij ‘

n - eq
(

-+ R
ii

&u+R AU
)

‘k axk ‘
jk ~xk i ‘

(
-+ ~

‘ij - ❑q &~k+R
)

Alk . (8)
ik axj jk 2X1

Finally, the qwadratlc telmor is

fijj ~Qi!:Qkj . (9)

Tn addition, wc do noL count irppearnncrs of q,
and s in dctcrminin~ thr qumirntlr nnnlincnrlty nf
the sytitem as a function of Kij nnd hi. Thus tll~rc
arc, in principle, two cxLra vcrtnrs nvallahlr fnr
prnducin~ trnsnrq nl~:chr:lic in ifl i, n,lmely 3q/i)xf nnd

?s/;Jxi. (Thr lattrr v~,etnr could’”ho raplaccrl h! L!:/
LIXi if dcsirrd.j Bccausc it is IIot yet ccrtafn thilt
tlmRc voctor~ arc nccdcd in thi? nlfic.brnic terms of

Ifcynolds stress clo.surcs , wr would prcfrr, as a t’irst
ctloi cc, to restrict the form of the lheorj- by not ;; I-
COrpf)r.ILinl; ttltmm. Ilowcvcr, Lumlry (1) has nrf:ucrl
quite pcrtiuastvc!y fur Lheir incvlt::~lc, nppvar;lnre.
So onc must hc prrparvd to sr~ thnt l,xl)rri.t~.nt :c -

quiret! thrir incnrpornLion. hhen tlwsc vl~c!ors nr{,
added to tllr thcury, onc m:jy obtnln the nddiLi[lnll
symmetric tunsors al~chr~lic in Ri 1 nnd satisfying!; the

modcllng rules (1) throuf;h (6), ri;mely tcnfiors cnn-

stant in Rij

2-2 a
“ij ‘Gfl

~ q 3.. q ,

ax axj

K
aa.—~—~m

ij 2X1 axj

-1

(
+

a a
‘ij - w

)
~E+—q —Ll,

ax ~xj axj axi

and tcnsore ltncnr in R
ij

(10)

‘ij ‘Qik ‘kj ‘Qjk”ki ‘

‘ij ‘Qik ‘kj ‘Qjk % ‘

(11)

Now Lhc two midcd v[.t-torrr do c(uwidL,rilhlv (,llr[ch
the th-ory, when tt, rmn ptv~port 1(1,1,11 t,> LIIr flt’s L spll-

Linl dcriv..tlvc of Rlj nr(! LWI’I.41dL’rWl. Ilohl,vl, r, Wl,

shill] klinw llL,r~. Lhilr null,. of tlw (Ivls,,rs ~lr HI. (10)

nrc fICrlni!tL’d by tlIr: npplicilllol) of boLh LIIL’ prlncl-
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plc of nllpl,r-ru;lllz~ll#l!lLy and th,. hypothon[~ rJf nrm-

Eunur.lLitm. F1rKL ronsldLir lhI: cun%lnmt tunfinrn Uf

E~. (16). !i~nrr. tlI~. rompuncnt.m Of I.IJ da nliL t,i)vl* n
unlvcrnnl alhvl,rtllc sl~n, 111!,: Irn:;or m:ly vinlntv the

incqu~llllw of Eqfi. (5) *IILI ((I) dun L1 in guh!~Ll-
tutrd for l)ltl~/lIL !III Lht!~c o~lmtl~n~. b ncc rhi!+ 1S

trur even Wlm,i Iifj IR ❑ulttplird by nn nrbltrnry rn-

c“fficioml, 1.] 1 iu rxrl~ded by tli[. prlnc[plc of sul,,.r-

ru.!llr.nhlllLy. SImildrly, tlw prlnclpl - of uupOr-ro -
●llznh[lILy rtwfulri,~i L!mt bnth Jil and Kij cnt.wr tht

■OdClinK wLZ~l pOYitiVLm Coufffcfeni%. Hut thu hypotll-
csi~ of non-grwratlun rcquirun th:IL the cnf,lflcivnt~
bc n?fi:iL!vc. Thuti .Ji and Kij nrw ccparaLt.ly uxclud-

cd frum th[! theory. Iinnlly, CInr may rihow Ll::,t no
Ifnc,lr comblnnLlon rJf Ji , Kij find I.ij IS pCrMiLL~:d

dby modcl[n~ rulem (7) nn (8): Lhvnt! thrrr Lcnwrs
●rc fully exclwclcd from the theory, nnrl nny enrich-
ment of the Lhcnry rJf Ll!e trrmm :Ill:t.hrnic in Kij [u

provldcd by Ihc MIWMH of Eq. (11).
By nna]yzlul: in the l.>cal principal nxcH of lti ,

iono ❑y rrndily NIIOW thmt nll the reiwmr% of Sq, (1 )
aaLJRfy Lhu prlnclplc nf ~tlpi!r-rc:lllz:llllllty. ltow-

evcr, thu hypoLhofii!; nr non-nonrr:ttlou requires Lhat
thcw trnmorH tw addt,d tn Lhc rl~:ht hnnd side of the
cvc]ullon cfpflLioIl fur Rjj only in tilt, linCnr comhl-

matitin
2 2--A

‘i j ‘ij ‘B ‘ij+covij+cl”i.j ‘
(12)

wharc

Co+c
J

=k2AB , (13)

which cnntninfi only three nrhitr~ry twmurtnntn, A, B
and ono of r“ mnd cl. AH ~lnted enrllcr, wc would
prefer firsr to nLLolqlt modulin}; tk nl~t.hrnlc tt,rmtr
withnut using the purmirinlblc group of trrm~ of Eq.

(12).
The confitanL Lunt:ors of Eq. (7) do riot frrrm n

pcrminslh:u ~rnup of f,,rm~, clthvr srpnrnlcly or nrI n

]lnOnr Cumblnillion n[ Lcrm%: to rnntributo permlssi-

b~y Lo 1I1o lheory, these LtsrniN IMIHL t,o rc}mbinorl wiLll

the Ilnoar nnd qmdr.ltlr Lrrmn of Kqti. (fJ) mnd (9).
To 6CC Lhih, considl,r n Ewwr,ll linwr cnnhinntlnri nf

tlw ttworti of Eq. (7) JIIWI analyzu in thu Inci-rl prln-
Cip.11 JIRrH of trll. TIv: prlnciplc of mpcr-rcnlinn-
bility rrqulru% ih:lt Lhu rcmlltlnfi lon:;or (r)f Lhc
linear rmmhInaLIon) Ililvt! pofil:lvu dln~~nn,ll rlcmunt~,

whllc thr hypOLh(mNi H uf llt~ll-~t,llt!r{lllnll rcqutr(, m that
the num of the diq:nnnl olumonta 01 tlw rrnulcing
tcrtnnr b[! nu~gntlvc. “?IMI only way to nchfov~. th[n for
● Ecrrrra] m(!nn vulor[ty field IH to ILIVC the null

tcnnor mI tho lin,utr r.omhlnatlon.
~y Lhc snmu arRnwnt onc MY mrr that tho trncr-

lesm Lwwurn

Aij = Qi.1
- 2J3 A

ij ‘
(14)

and
2

Bij ‘qlJ
- 1/3 Q2kk 6jt (15)

mrc both ~rmlHtilbl., R:wups of tcrmu providrd thnt
thry arv multipllrd hy no~ntlvc cnrfriclcnts. While
Fij mod Gij womld uv(,m LO lUIVV the ponitlvity pruprr-
ficri rrrcwrknry to rvplnru 61J in FklH. (14] and (15),

bolh, in Inct, fall tn ylcld a purrnlmnlhlc Rroup n[
tarmn bcraurre thv all:rl)rnlc ni~:n of the dln~onnl rom-
puncntm of tho romtlln~: tr!naor cannot he ■ndc duf[-
nitC for fi~nrrnl NL\ Ulld Ui. The trnwrn of tiqn.

(14) and (1.5) :Irr thu only purmln Hlltlc groups Of
tcrme thul may tic fmrmud by tlfl or flzfl ~lctlnR HcPm-
aratc]y wjth llrtcnr combintitioiw of the tvnmors of PA.
(7).

Flnnlly, wc nott~ thnt both U[ Lb.! tcnnnrn Ml

and ‘ij
inntlmfy thr prlnrlplc 0[ nupur-rralixabll Ly,

but that cneh arpurnloly falla to fintlnfy the hypnth-

CS!U of nrrn-gcnerallon. In pnrLicularB Hi

i
[% 111(,

nr?Jlailvc of tk prOduClfOn terk in the evn wtfnn
rrfuatjnn for PI j, whirlI muy rnuHe clthcr a ~ain (,r a
losn of turbulonrv cncr~y. Tho fncr thaL both ten-
aorn h,,vr #dcoLIcm] trace6 doca permit a third p,.r-
miaRIhlr grnup 0[ Lc.rmb Lo be COnbLWctcd, namely

%1 - % - %J ‘
(Lb)

which in a pcrmtaslhlc RrlJUp of trrma even whcrr mul-
tfpliod by u’t arlilrrnry cncfflcicnt. The tOna~#rH

+1, ~Ij, and Ci 1 furm a complt-Lc mt of the indc-
pchdt!nL prrmi~uibk p.roups of terms that muy k cnn-
slructcd frum thu tm’mora of Eqs. (7), (B), ond (9).
TIIr ~rnural pcrmis~lblc Rroup of tcrma Is a llnenr

comllinntlon of thctn. three tenaorm, in which the co-
cfflcir!ntm of Aj
am~y, onn may .dd ~~~ ;~!~~<~~’’;l’l~; ;f~%;-.

linear comblnntlnn of thrrc lndcpcmdcnL pormiaaiblc

groupfi of tcrmB.
Finnlly, wc cnnsldcr tfrc mathematical form dl,-

miindcd nr Lhu corrficicnts of the pvrmianih]c groupti
of tcrm~ when these ~rnupa of Lurms nrr required

(throllfill rhc evolution equation for ttl ) to raproil,mr
iLhc mcvrtwrcd vnluoa of Njj for ptirtlcu ar turbulcnr

flows .

Previous Lurbul@ncr ●odellng ham indicated the
urnvfulncaa of introduc[n~ pirrcwiar IInrnr functionm
of tho turbulence Hcyno’+rr number

L - (2q)!~s/u , (17)

ouch aa (~)

A(t)=5 forC<5

=~ forL>5 . m)

The dlrr~ipntion length acalc a ia defined by thr
equation

n - fl(~;) q/n2 . (19)

In prinrlplc, there ml}:ht hc aevcrnl nurh functiorrr+,

but ao fnr nno f,,nrtfnn nf thl~ typo s,,,.mx tm ho ud,-
quaLc. uc ndnpt thr rmcLi.ml/,(C) of Sq. (10) simply

tr. hrrvc .I definite ~~ilnl[>lr in nlnrf. !lothirr~ th,lt
fol]crws in doprndcnl nn Lhlh pnrticu]flr chnicr of
A(C), VIILCII could ns wvll hc rwparntrly dctmrminrcl

throu~:h ortimizal ion of any cnncr~tc Lurhulcnrc mnd-
c1. UC uac lhiB function to construct the pogiLtvo
function of

$m(/f\(~) , (20)

which ia unity for InrRr turbulent Reyrrnldn numhmrq

and nppr~~rhca zeru ror low turbwlonco intcnrtitic~.
tfe thvn rrqmirm Lhnt Lhv cnefflclenta or nny pormls-

aifrle Ermup of tvrati, sny thm nttl rIuch Croup, be writ
tcn in thr Corm

cn+dn$ , (21)

where Cn and dn arc corrntants, ponalbly subject to

conntra[ntM from thr rrq..lircment thmt thin grnup of

terms h pcrminalhlc. Ihim nllowe II pcrmlsollrle
Rroup of tvrm~ to appenr in tfrc evolution rquatlon
for Rjl with one wcl~:lit at low turhu]cnco irrtcntiltft?n

and wl~h nnother wr[RhL at JIR1l turbulence intrnsl-
ties, rrs iII somotimn required ror accurntc modclint:.

PIIYS”CAI, 1’lTIXPIIETATT(IN OF TERMS Au:WJRAM IN TNE
RH1iol,DS STRWS

Hrmt turbulrncc modelH unntrmr local laotrnpy in
the hlr,h R(’ynoldm nwmbcr Ilmil and tflkc %! PrnPor-
tioll.nl Lrl 6ij. lnrfecd, the nLrorrR mid prrklntunt

fccllng Lhnt locnl inotropy Ililu hcco rtt!monatrn:cd in



]~bortr Lory flws IIJH htwu Ihr hn~in of a crltirlfim of

the ❑urr x~>nl”ral rludt”lllu: uf lJIj by Ililrltlw nnd IMIY

(6). In f:lrl, thr cvldrnrr for Inrnl f~otropy or

h!l;h K(’j’nolds nwmlwrs 1s soriou~]y Incumplrtc, an
diseuusud f n d(,r.nl 1 by NJIIISIII,SE (~), ulth thr contic-

qucnrr tl:.lt Gnc fitrlclly Jwt.fi noL knrrw Iron exp.ri-

rnvntill ,:vidrnrc huw Ln appurtlmr Lurms alxobrillr in

Llu? Ruynnlds Glrvutm:i bcLwccn Lhe prubsurc-vc]ncity
corrclatlon:; :Ind the vlscou!i corrtilnclon~ butwmn ve-

locitiob dnd W]ocltv d(,rlviltivr~.
TIItI commun hl~h ftI,ynold% numhcr llmit assumed

for t)i , adnplrd, fur Cmanplco hy l.umluy and Ktrajrh-

{Nouri ~) fln~ by ~lulldt’r PL ill. (~), find uwd LO rcp-
reaent the toLal action of Ihc V16COUF forrcq, does

not satisfy the prlnciplc of mllrnr-rcaliz~hlltty,

even in the lVS~ *trirt SLill!.C Ot Lhu prcwnt Eqn. (5)
and (6). A fully cor:f,ct trwrtment of the vt~coutr
forcca will, cf cmrsr (:,), si!tisfy the titrlrtc:;t
formnf the prlnclplu nf !;lll]~r-r,:illlz,lbllity, wiLII
oqunlitius in Eqs. (5) and (6). UC thug firo Llimt the

common hll:h I:rynolds number mndcllng of thr viscous
forcc6 cannot bu corrtict nl nny I!cynnlds nlAw,r. In
VII?W of LIIis, il ia :ricvnnc to reVfeW Lhr cvidenco

supporLlny, this cnmaun mudcllng.
This cvidcncc wii~ rucu!tly !wmmrizcd by Corrtiin

(~)whocltrri Ca:r.qln (~), Trmu*cnd (Q) and (~)

and (inifjrCcL]y) Idufc”r (~~) nH Invc.ntil;atlona demon-
❑tratfnp Lhnl

I.Dl?<< ‘12

D -ii-
(221

in laboratory flows. In fflcL, the lnvcntiR:ltfonR

meaburc crrlafn propcrtlec of the LWU pOiflL vrlociLy

corrclntion Lrnrwr

(23)

uhich nrc cuu!ilHLcnt with local iuotrnpy r,nd from

which thv lnf!.ro,:cr is druwn that locill iautropy—- . .— .—
holdti .

To IIUQ Lhill Eq. (22) is nr~L forcrd by Lhc prwf-—..
oualy cltcd rxpvrlmrntm, wc rvn$ldvr n pus:: lhlc ~:rnrr

a]iZmLfOll Of l!w iSOLrOpiC CXpflnI:llJIl of Illj(r) which

❑ighL bo vnl!d wndur thr qunsi-xtrntly, qui!si-lulrnnRc-
ncoun conditions 0[ the cxpt:rlmunlM, nmmcly

}
+h(r2) [bjl 6j3* 6jI ’131 B (24]

where

f(r)=l - -1-~r2 ,
2A (25)

mnd

d2
h(~)=c--—x .

AZ

Here u, A, c, nnd d aro wcmk funclilm? of spact! and

tim nnrl c und d nrr of ordrr !ullty. The f[rllL turm,

contrlholcd by f and I;, rrprl+ruln the cmnLrlbutlun
duo to a local Isotropic tuntmr :uld thu pr.’dlrtlnnu
for thin Lcrm filvcn nbovi, :~ru WOIJ tcl:ltql by cxpcrl-
mcnl. ‘fhc Hcrnnd (h) turm ml!!l L vnnlxh IC Iocnl iHn-

tropy lR Lo hnld. UUL rnrmillly thll~ LUrIV in or Lhr

wrmr general size ma tho fl~.Ht term if m nnd d are of
order unity. Mu nnnc of Lhr rxperfm(,ntn clLrd tibove

In ●cnhlLlvu to Lhc pruscnro nr h. Thu# Lhc WIUWI
nf c nrrd d nwit bc con~ldrrcd KC ho ilrbitr.lry, ~nd

not rorccd by cxpcrimrntnl dntn to hr zero.
From the rclatlon vald In the hnmo~encoun IImlt

Dij=-1/2V~lt1j(@lr -o
. .

we ●ce that the ■odol trnmor of Eq. (2fJ) ylclda

1+1=IKI”m
which 1s of the order nf

~
RII -0.4

(26)

(27)

(28)

(in m~rry jaborittory r;cwn) if d iri of ordur unity.
Thus Corr8in*ti Eq. (22) dors nr,t rollow Iron th~~
dnla. Wu rocnl] alfIII cxperln~~s nn Ruyno]ds sLr~ss-

●m (Ubrr~l, (111)) and on ricvorn] !Jw.wnc.qtI rartor~
(Gibsnn ct ,11~~ (~) ,Inri Frcyrnulh and Uherof, (11))

which SI1OW Lhnt local Isntr(lpy r!:lnnot ho a CoSIp~{~LU]y

valid hypnthcsln In h!~h k(,yilnld~ numhor flnwa.
UC conrludu, RR in (,~), Lli;it Incnl Isntropy hnn

not been folly demon.qirntvd Lo hold in l~thuratury
flows (du.? tu rhc nbscncc nr mc~awrmrnts of rro~s-
●trcam vclnclty dcrlvnllvrs) find Lhnt t% nhscncr nf

a conclu~ivu drrmnnlrntlrm of 10CXII lNotrnpy Implicn
thnt there nrv no firm rxpcrim~nt,ll run%tralnts nn

the modclln~ or Dij, EaVe thnt it bo a a~mutric tcn-
aor with poniLive iracc.

USE OF PERqITTED GRfM’PS OF TERMS fN TURIWI.ENCE !foDEL-
IF!C

We dfncuna here Lhc? cxtont tn which thr pcrrslt-

tcd grnupa of trrms nlgcbrnlc in thr RL’ynoldti ~trt:.m,
obLalnrd carllrr, havu fnund nppl[cnttnn in Krynn;ds
ntrcnn closur~,H cxiritit?g in Lhe lft~.rmlurc. Till, IIis-
cunallul iq ❑t?a!ll mcrrly to bc irrdicativc or thr dc-

grcc 6~ uaaRc. Ncncr, we tin not Rive! n tahulntlnn Gf

Lhc prmiltcd tcrmn uwd and tho non-permiLtrd tcrm!r
used for each tllcory.

The tensor Afj wmn Rottn’a (17) orl~inal, imd
inmpfrcd, rhoirr ror incluslon. = ha~ been employed
in nearly ●very Iirynold# ritrrnn clo~urr mndcl aincc
tf!.t tlmr. Thr Lonuor BIj haH been used hy I.urnlry
and Khajch-Kouri (J-), hut la nnt cnmmanly usrd li~
thenc Meynoldm srrcsa clowrc modcla.

The tensor Cj
1

wnu found to ho nrcvannry by 11.lly

(~a) in modcllfl~; t L’ cnflvVCLIOfl ~hrflOMLifWI Or flllid~
hcatrd rrnm below. The Lt?rrsorH ~lj and Nlj wcrr uNod

in a diffr.rent linrnr cnmhinmtiun thnn Cil hy lJIilnrfL,L’

ct n]. (~), who wrrn guldcd by considurntlnns of moti-
ol~ng the prcsrwrc-ntrnln cnrrvlallortu. ~\sI wc lrrd:-

catcd cnrllcr, wu ~trnn,:ly prrfcr the comhln.ntton

Cll, bocnum it haa mnrc corrccL msthurmticnl proprr-

tiiil. TIIC tcuHor Oil dnrs not apprlr to h.IVc brrfl

uacd in Rcynold~ ntri-un clonurvn.
Ho nec that tho prnponrd modcllrrR rulrri IWIVC a

●ufflci~rrtly rich cnntent to includu mirny, hut not
●ll, of the tcvmorn uncd in turbulence modrlln~{ vin

Reynoldc ntrc~~ clomurcn. Yrt Lhc nunhor nf trnsnrn
allowmd hy the rulra, the permitted ~roup~ nr Lvrrns,

ie not very lurga.

FINAf, RMIAiU(S

We noto tlwrt the LtwmnrH Al
{ ‘“1’ %a%~suldwcr-rwallxnbln turbulcnrt! thcnr CH.

s



1’ not fw pcrmlnnlhlc zrnui,.: IJI I orrn!i if tho tnequal [-
tirh of llq~. (’I) mnd (h) W,-ri? rcpl~rc”d IIY @qIInli LlCSB
au WIIUIIJ ho roqwlrvd hy (IMI.L %ulutlnnti LU Lhc
Nuwl~:r-St(Jkci; rqtlilllons. Y,.t ,111 (hnttals orl~;innl

cholcu) nppc~!rt in virlml Iy r-wry ntt{’mpt .at ❑odul -
lnR Rrynolds ),lrtmtin C]n,i,,ru%. lt ia primrlly th16

fact lhal C:IIMICS uc to wondl,r Awthcr HUCCUWJIU1 ~ur-
bulcncc mmdt’lfi ran bc cun~lrurt~jd when Ihc norc cmr-
rect equaliflrt nru enfnrcrd in HIM. (5) and (6).
This iw turn, prnmpL~d UM tu spuclfy only the lreo

strinficnL ruguircm)nl~ nf the prCE~nt vcr~[nn oi Eqn.
(5)and (6).

The auLhor is indcbtud to Dru. F. N. N.lrlow and
H. H. ltupprl for nu-nrrou~ Iw,lpful discussions nn rur-

bulcncc mndcllnfi, and would IIkc to acknowlvdqu n
continuing rullnboratlom wllh l“rofu~sur A. C.

petHchck on thv r~nllznbl]lty propcrLias of turb-
Mncc modrl~.
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